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In statistical physics most systems display a strong dependence on the space dimensionality. The best known example is the existence of critical dimensions in phase transitions. Among far-from-equilibrium systems, hydrodynamic turbulence shows a remarkable dependence on the spatial dimension as well. In three dimensions, the nonlinear interaction between different scales is described by the Kolmorogov-Richardson direct cascade: the kinetic energy injected at large scale by an external forcing is transferred to smaller and smaller eddies until it reaches the scales where it is dissipated by viscosity [1] . By contrast, in two dimensions, the simultaneous conservation of kinetic energy and enstrophy results in an inverse energy cascade; i.e., the energy injected by the forcing is transferred to large-scale structures [2] . Moreover, threedimensional turbulence is characterized by anomalous scaling and small-scale intermittency [1] , whereas the inverse cascade is apparently self-similar and even shows some signatures of conformal invariance [3] . The transition between the two behaviors and the possible existence of a critical dimension between d ¼ 3 and d ¼ 2 have been investigated mainly in models of turbulence where the dimension was introduced as a formal parameter [4] [5] [6] . In this Letter, we rather opt for a geometrical way of looking in between integer dimensions, and examine turbulent systems which can be regarded as transitional between a d-dimensional isotropic system and a (d À 1)-dimensional one. Namely, we consider a d-dimensional isotropic system and make one dimension of the space periodic. The compactified dimension can then be collapsed or inflated at will so as to connect continuously the two extreme cases. We start by considering the turbulent transport of a passive scalar field. This system displays a close similarity to hydrodynamic turbulence (intermittent direct cascade of scalar variance or scale-invariant inverse cascade depending on the properties of the flow), and has the advantage of being analytically solvable [7] . We then study the full hydrodynamical problem by means of direct numerical simulations. The novel feature that emerges from our study is the splitting of the turbulent cascade in both systems. The scalar variance (or the kinetic energy) injected at a given length scale flows both toward small and large scales, thus giving rise to a simultaneous double cascade of the same quantity.
Let us start with the analysis of the analytically solvable case. The evolution of a passive scalar field ðx; tÞ is described by the advection-diffusion equation:
where is the diffusivity of the scalar and 'ðx; tÞ is the source term. The scalar field does not influence the velocity, whose statistical properties are given. We model the turbulent flow by means of the Kraichnan ensemble [8] . Thus, vðx; tÞ is a Gaussian stochastic process with zero mean and correlation: hv ðx þ r; t þ Þv ðx; tÞi ¼ ½d The flow is statistically homogeneous, parity invariant, stationary, and invariant under time reversal. The tensor 2d ðrÞ represents the spatial correlation of the velocity differences [7] ; its form will be specified later.
The source is assumed to be random as well, and more specifically Gaussian, independent of the velocity, with zero mean and correlation: h'ðx þ r; t þ Þ'ðx; tÞi ¼ ÈðrÞðÞ, where ÈðrÞ rapidly decays to zero for r ¼ krk greater than the correlation length ' ' .
To study the cascade of scalar variance, we consider the single-time correlation Cðr; tÞ hðx þ r; tÞÞðx; tÞi, which does not depend on x owing to the statistical homogeneity of the velocity. In the Kraichnan model, Cðr; tÞ satisfies the partial differential equation
where MðrÞ ¼ d ðrÞ@ r @ r þ 2@ r @ r (summation over repeated indexes is implied) [8] . Without loss of generality, we assume ðx; 0Þ ¼ 0 and hence Cðr; 0Þ ¼ 0. The (generalized) solution of Eq. (2) then takes the form [9] Cðr; tÞ ¼ Z t 0 ds Z dÈðÞpðr; t; ; sÞ:
In the above equation, pðr; t; ; sÞ is the probability density function that two fluid particles being at separation r at
week ending 7 MAY 2010 time t were at separation at time s < t. The probability density function describes the backward-in- [7] . Gawȩdzki and Vergassola have studied a d-dimensional version of the Kraichnan model where the flow is in addition statistically isotropic and compressible and where d ðrÞ is scale invariant with exponent 0 < < 2 [10] . This latter property implies that, in a typical realization, vðx; tÞ is not smooth in space and its spatial regularity decreases with decreasing . The compressibility degree of the flow is defined as } ¼ hðr Á vÞ 2 i=htrðrvÞ 2 i and satisfies 0 } 1. In this model, the Reynolds number is formally infinite since there is neither a viscous nor a largescale regularization of the velocity.
To understand passive scalar turbulence in geometries with a compactified dimension, it is instructive to briefly review the two-and one-dimensional isotropic cases under the assumptions of Ref. [10] . We shall directly consider the limit ! 0.
On the Euclidean plane, three regimes can be identified [10] . For weak compressibility (} < 1=2), Lagrangian trajectories separate superdiffusively, thus generating a smallscale dissipation of scalar fluctuations. Correspondingly, the scalar field displays a stationary direct cascade of h 2 i; i.e., the variance injected by the source is entirely transferred to small scales and eventually dissipated at a constant rate down equal to the injection rate Èð0Þ. In this regime, Eq. (2) has a time-independent solution and h 2 ðtÞi ¼ Cð0; tÞ converges in time to a constant value. For strongly compressible flows (} ! 2=
2 ), Lagrangian trajectories rather tend to collapse in time, and thus transfer scalar variance to large-scale structures in an inversecascade process. In terms of the above Lagrangian formulation of transport [Eqs. (2) to (4)], the inverse cascade of h 2 i follows from the convergence of pðr; t; ; sÞ to ðÞ as jt À sj ! 1. Inserting the long-time behavior of pðr; t; ; sÞ into Eq. (3) indeed yields: h 2 ðtÞi $ up t as t ! 1 with up ¼ Èð0Þ. Finally, in the regime of intermediate compressibility (1=2 < } < 2= 2 ), the long-time behavior of the variance is h 2 ðtÞi ¼ Oðt b Þ with 0 < b < 1. The scalar variance is partly dissipated at small scales at a rate that equals the injection rate only for t ! 1. Simultaneously, a fraction of h 2 i is transferred to large scales at a rate asymptotically vanishing in time.
On the real line, the only relevant parameter is . The value ¼ 1 marks a phase transition in the dynamics of fluid particles and hence in the behavior of the scalar [10] . For > 1, the trajectories collapse in time and produce an inverse cascade of hi 2 with transfer rate up ¼ Èð0Þ. For < 1, h 2 ðtÞi ¼ Oðt 1=ð2ÀÞ Þ so that down equals Èð0Þ only in the limit t ! 1, as in the regime of intermediate compressibility in two dimensions.
As a transitional manifold between the plane and the straight line, we consider the surface of an infinite cylinder, which can be inflated or collapsed to reproduce the two limiting geometries. A cylindrical surface is described by two coordinates: À1 < r 1 < 1 and ÀL r 2 < L, where L is the radius of the cylinder. The isotropic Kraichnan ensemble can be generalized to this geometry by defining d ðrÞ ¼ P [7, 10, 11] . We take } < 1=2 so that the limiting system exhibits a stationary direct cascade of h 2 i. The opposite limit, L ! 0, yields the one-dimensional Kraichnan ensemble with scaling exponent þ 1, where must be taken less than one so that þ 1 < 2 [7, 10, 11] . According to the above discussion of the isotropic case, the limit of vanishing radius leads to the inverse cascade of h 2 i. By varying L, it is thus possible to move from a direct cascade in two dimensions to an inverse cascade in one dimension.
For any 0 < L < 1, a qualitative picture of the dynamics can be inferred from the one-and two-dimensional isotropic cases. We assume for instance ' ' > L. At r ( L, fluid particles move in a two-dimensional isotropic flow with } < 1=2; therefore, they separate superdiffusively and dissipate h 2 i at a constant rate. At r ) L, fluid particles move in an essentially one-dimensional flow with scaling exponent larger than 1; they tend to collapse and thus transfer scalar variance to scales larger than ' ' . As a consequence, the cascade of h 2 i splits into a direct branch and an inverse one. In this system, small-scale dissipation and transfer to large scales coexist. Similar arguments can be repeated for ' ' 
< L.
A quantitative prediction of the split-cascade process can be obtained through an approximate analysis of Eq. (4). We first consider the case ' ' ) L. At separations ) L, the components of d ðÞ can be replaced with their asymptotic expansions: 
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In the right-hand side of the latter expression, the second term is the inhomogeneous contribution arising from @ t C À Èð0Þ and the first one is the zero mode needed to match the correlation function. The remaining direct cascade flux 1 SðLÞ=L 2 $ Èð0ÞðL=' ' Þ is then transferred to two-dimensional motion at r & L and finally dissipated at small scales.
The case ' ' ( L can be examined by computing the small-scale form of pðr; t; ; sÞ. At scales ( L, M y ðÞ can be replaced with its two-dimensional isotropic form: M y ðÞ / À1 @ a @ 1þÀa with a ¼ À1 þ ð2 þ Þ=ð} þ 1Þ [10] . The zero mode of M y ðÞ corresponding to zero flux at ¼ 0 gives pðr; t; ; sÞ / aÀ1À for ( L. We can then insert this behavior in Eq. (3) to obtain: h 2 ðtÞi $ up t as t ! 1 with up / Èð0Þð' ' =LÞ 1þaÀ . Once more, a fraction of the injected variance is transferred to large scales, whereas the remaining part is dissipated at small scales. The splitting of the cascade of scalar variance, shown here in the asymptotic cases ' ' =L ) 1 and ' ' =L ( 1, holds for a generic ' ' =L as a result of the convergence of pðr; t; ; sÞ to a broad-in-timeindependent form [11] . Combining this latter result with Eq. (3) indeed yields: h 2 ðtÞi $ up t as t ! 1 with up < Èð0Þ. Some remarks conclude the analysis of passive transport on a cylindrical surface. First, the above results have been obtained for a Prandtl number Pr = ¼ 0 ( is the kinematic viscosity of the fluid). Provided that } < 1=2, we nevertheless expect the cascade splitting for any Pr >0 as well as in the limit Pr ! 1. The small-scale flow is indeed weakly compressible, and therefore nearby trajectories separate irrespective of the value of Pr [12] . Moreover, the large-scale strongly compressible nature of the flow does not depend on Pr. Second, varying L from infinity to zero produces a smooth modification of the cascade; i.e., the dissipation rate down continuously varies from Èð0Þ to zero. The system, therefore, does not exhibit a phase transition as a function of L.
Let us now discuss the case of hydrodynamic turbulence. The dynamics of the velocity field uðx; tÞ is given by the Navier-Stokes equation
supplemented by the incompressibility constraint r Á u ¼ 0. Here P denotes the pressure and % is the density of the fluid. The flow is sustained by a stochastic Gaussian, whitein-time noise fðx; tÞ. The forcing is active only on the horizontal velocities u x , u y , it depends only on the horizontal components x, y, and it is localized in Fourier space in a narrow band of wave numbers jkj ' k f . Direct numerical simulations were performed by means of a standard 2=3-dealiased pseudospectral method on a periodic domain with various aspect ratios, as in Ref. [13] . This geometrical configuration can be considered as intermediate between two-and three-dimensional isotropic turbulence. The numerical simulations were conducted with uniform grid spacing, square basis
Viscous dissipation has been replaced by an hyperviscous damping term ðÀ1Þ pÀ1 p r 2p u. We studied the transition from 2D to 3D at varying the aspect ratio of the domain. The mean kinetic energy EðtÞ ¼ 1=2hjuðx; tÞj 2 i provides a suitable probe of the transition. In 2D flows at high Reynolds number, kinetic energy grows linearly in time with a growth rate almost equal to the injection rate in . Conversely, in 3D flows, after an initial transient t 0 required to build up the turbulent cascade, the kinetic energy attains a statistically constant value. In the intermediate situation realized in our setup, we observe a linear growth of kinetic energy for t > t 0 (see Fig. 1 ), as in the two-dimensional case, but the growth rate diminishes as the vertical scale L z is increased, and almost vanishes when L z =' f ' 1=2. As in the case of the scalar field, this behavior suggests that the turbulent cascade splits also in the hydrodynamic case. Within this picture, part of the energy injected by the forcing is transferred toward large 
scales and feeds an inverse energy cascade as in twodimensional flows. The remnant energy gives rise to a direct energy cascade toward small scales, as in the three-dimensional case. This suggestive scenario is supported by the inspection of the spectral fluxes of kinetic energy (see Fig. 2 ). The fluxes show a flat positive plateau in the wave-number range k > k f , which confirms the presence of a direct cascade at small scale. At small wave number k < k f , the fluxes have stronger fluctuations, but their mean negative value is consistent with the presence of an inverse energy cascade. As expected, the ratio between the energy flux up and down of the inverse and direct cascade, respectively, is a decreasing function of the ratio L z =' f .
In the range of scales corresponding to the inverse cascade the energy spectrum of horizontal velocities has a scaling region E H ðkÞ $ 2=3 up k À5=3 , as observed in twodimensional flows. At scales smaller than L z , Kolmogorov spectra are observed both for horizontal and vertical velocities, signaling the presence of three-dimensional turbulence at small scales (see Fig. 3 ).
We argue that the cascade splitting described above, i.e., coexistence of 3D and 2D turbulence, should take place whenever the flow is confined in one direction, be it by material boundaries or by any other physical mechanism of dimensional reduction, e.g., stable stratification.
Whether or not Navier-Stokes turbulence displays a phase transition from this novel regime to the classical three-dimensional regime remains still unclear. Our numerical results seem to indicate that the inverse-cascade flux becomes negligible as the vertical scale approaches the forcing length-scale, therefore supporting the conjecture of a phase transition at some critical value of the ratio L z =' f .
Yet, we cannot exclude, on the basis of present data, the possibility that a residual inverse cascade survives. Well designed experiments with electromagnetically driven thin fluid layers joint with high-resolution direct numerical simulations could provide the key to settle this fundamental question about the nature of turbulence. 
